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Abstract

The structural scheme a piezo engine nano displacement is obtained for biomedical science and research. The structural structural scheme a 
piezo engine nano displacement is constructed by method mathematical physics. In biomedical science and research, the nano displacements are 
determined.
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Introduction
The structural scheme a piezo engine nano displacement is 

constructed for biomedical science and research [1-23]. A piezo-
engine is used in scanning microscopy, microsurgery, damping vi-
bration, adaptive optics system for biomedical science and research 
[24-64].

Method
For the structural sheme a piezoengine is used method of math-

ematical physics with the solution the reverse piezoeffect equation 
[3-39] and its differential equation

at the voltage control

E
i mi m ij jS d E s T= +

at the current the control

D
i mi m ij jS g D s T= +

here iS , mE , mD , 
jT , 

mid , 
mig , E

ijs , D
ijs  are the relative displacement, 

the electric field strength, the electric induction, the mechanical 
field strength, piezomodules, the elastic compliances, and the low 
indexes i, j, m.

The ordinary differential equation of piezoengine [8-60] is 
written

( ) ( ) 0
d

d 2
2

2

=Ξγ−
Ξ s,x

x
s,x

 

here  ( )s,xΞ , x , s, γ are the transform of the displacement, 
its coordinate  and parameter, the propagation coefficient and the 
general length { b,,ll δ=   of piezoengine nanodisplacement.

Structural Scheme
For the longitudinal piezoengine the solution of its differential 

equation is determined

( ) ( ) ( ) ( ) ( ){ } ( )1 2, sh sh shx s s x s xδ γ γ δγΞ = Ξ − +Ξ  
The system boundary conditions for the longitudinal piezoen-

gine has the form

( ) ( ) ( )33
3 3

33 330

d ,10,
dE E

x

x s dT s E s
s x s

=

Ξ
= −
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( ) ( ) ( )33
3 3

33 33

d ,1,
dE E

x

x s dT s E s
s x s

δ

δ
=

Ξ
= −

 The transform of the force causes displacement for the longitu-
dinal piezoengine has the form

( ) ( )33 0 3

33
E

d S E s
F s

s
=

here 0S  is cross sectional area.

Its longitudinal reverse coefficient

( )
( )

33 0

33
r E

F s d Sk
U s sδ

= =

The structural model of the longitudinal piezoengine has the 
form

( ) ( )
( ) ( )

( ) ( )
( ) ( ) ( )

1

1 33
12

1 1 33 3

1 2

sh

ch

EF s

s M s d E s

s s

χ

γ δγ

δγ

−

−

 − +
  Ξ =  −     × 

× Ξ −Ξ      

 

( ) ( )
( ) ( )

( ) ( )
( ) ( ) ( )

1

2 33
12

2 2 33 3

2 1

sh

ch

EF s

s M s d E s

s s

χ

γ δγ

δγ

−

−

 − +
  Ξ =  −     × 

× Ξ −Ξ      

33 33 0
E Es Sχ =

 For the shif piezoengine the solution of its differential equation 
is determined

( ) ( ) ( ) ( ) ( ){ } ( )1 2, sh sh shx s s b x s x bγ γ γΞ = Ξ − +Ξ  

The system of conditions for the shift piezoengine has the form

( ) ( ) ( )15
5 1

55 550

d ,10,
dE E

x

x s dT s E s
s x s

=

Ξ
= −

( ) ( ) ( )15
5 1

55 55

d ,1,
dE E

x b

x s dT b s E s
s x s

=

Ξ
= −

 The transform of the force causes displacement for the shift 
piezoengine has the form

( ) ( )15 0 3

55
E

d S E s
F s

s
=

Its shif reverse coefficient

( )
( )

15 0

55
r E

F s d Sk
U s sδ

= =

The structural model of the shift piezoengine has the form

 

( ) ( )
( ) ( )

( ) ( )
( ) ( ) ( )

1

1 55
12

1 1 15 1

1 2

sh

ch

EF s

s M s d E s b

b s s

χ

γ γ

γ

−

−
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  Ξ =  −     × 

× Ξ −Ξ      
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2 2 15 1
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s M s d E s b

b s s
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γ
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× Ξ −Ξ      

55 55 0
E Es Sχ =

 For the transverse piezoengine the solution of its differential 
equation is obtained

( ) ( ) ( ) ( ) ( ){ } ( )1 2, sh sh shx s s h x s x hγ γ γΞ = Ξ − +Ξ  

here ( )s1Ξ , ( )s2Ξ  , are the transforms its end displacements.

The system boundary conditions for the transverse piezoen-
gine has the form

( ) ( ) ( )31
1 3

11 110

d ,10,
dE E

x

x s dT s E s
s x s

=

Ξ
= −

( ) ( ) ( )31
1 3

11 11

d ,1,
dE E

x h

x s dT h s E s
s x s

=

Ξ
= −

 The transform of the force causes displacement for the trans-
verse piezoengine has the form

( ) ( )31 0 3

11
E

d S E s
F s

s
=

The transverse reverse coefficient has the form

( )
( )

31 0

11
r E

F s d Sk
U s sδ

= =

The structural model of the transverse piezoengine has the 
form

 ( ) ( )
( ) ( )

( ) ( )
( ) ( ) ( )

1
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1 1 31 3
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× Ξ −Ξ      
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11 11 0
E Es Sχ =

 In general the equation of inverse piezoeffect [3-41] has the 
form

i mi m ij jS s Tν Ψ= Ψ +

here  mmm D,E=Ψ  is control parameter at the voltage or cur-
rent control.

The system boundary conditions for a piezoengine is deter-
mined

( ) ( ) ( )
0

,10, mi
j m

ij ijx

d x s
T s s

s dx s
ν

Ψ Ψ
=

Ξ
= − Ψ

( ) ( ) ( ),1, mi
j m

ij ijx l

d x s
T l s s

s dx s
ν

Ψ Ψ
=

Ξ
= − Ψ

The transformation of force causes displacement has the form

( ) ( )0mi m

ij

S s
F s

s
ν

Ψ

Ψ
=

The general structural scheme a piezoengine a piezoengine a 
piezoengine on Figure 1 and its model for biomedical science and 
research has the form

( ) ( )
( ) ( )

( ) ( )
( ) ( ) ( )

1

1
12

1 1

1 2

sh

ch

ij

mi m

F s

s M s s l

l s s

χ

ν γ γ

γ

−Ψ

−

 − +
  Ξ =  Ψ −     × 

× Ξ −Ξ      
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( ) ( )
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1
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2 2

2 1
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mi m

F s

s M s s l

l s s

χ

ν γ γ

γ

−Ψ

−

 − +
  Ξ =  Ψ −     × 

× Ξ −Ξ      

0ij ijs SχΨ Ψ=

 Here

33 31 15
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d d d
v

g g g
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3 3 1

3 3 1

, ,
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
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, ,

E E E

ij D D D

s s s
s

s s s
Ψ 
= 


, { ,E Dγ γ γ= , { ,E Dc c cΨ =

 

(Figure 1)

Figure 1: General scheme piezoengine for biomedical science and research.

The displacement matrix is founded

( )
( ) ( )( )

( )
( )
( ) 














Ψ
=








Ξ
Ξ

sF
sF
s

sW
s
s m

2

1
2

1

( )( ) ( ) ( ) ( )
( ) ( ) ( )

11 12 13

21 22 23

W s W s W s
W s

W s W s W s
 

=  
 

 here its functions

( ) ( ) ( ) ( )2
11 1 2 th 2m mi ij ij

W s s s M s l Aν χ γ γΨ = Ξ Ψ = + 

( ) ( ) ( ){ }
( ) ( ) ( )

2 4 3
1 2 1 2

2 2 2
1 2

th

th 1 2

ij ij ij

ij

A M M s M M c l s

M M l c s s c

χ χ γ

χ α γ α α

Ψ Ψ Ψ

Ψ Ψ Ψ

 = + + + 

 + + + + +  
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( ) ( ) ( ) ( )2
21 2 1 th 2m mi ij ij

W s s s M s l Aν χ γ γΨ = Ξ Ψ = + 

( ) ( ) ( ) ( )2
12 1 1 2 thij ij ij

W s s F s M s l Aχ χ γ γΨ Ψ = Ξ = − + 

( ) ( ) ( )
( ) ( ) ( ) ( )

13 1 2

22 2 1 shij ij

W s s F s

W s s F s l Aχ γ γΨ

= Ξ =

 = = Ξ =  

( ) ( ) ( ) ( )2
23 2 2 1 thij ij ij

W s s F s M s l Aχ χ γ γΨ Ψ = Ξ = − + 

 Then static longitudinal displacements at the voltage control 
for biomedical science and research have the form

( )1 33 2 1 2d UM M Mξ = +

( )2 33 1 1 2d UM M Mξ = +

 
At the PZT engine  33d  = 0.4 nm/V, U   = 150 V, 1M   = 1 kg,  2M  

= 4 kg its displacements are determined 1ξ   = 48 nm, 2ξ   = 12 nm,   

21 ξ+ξ = 60 nm at 10% error.

The equation of the direct piezoeffect of piezoengine for the 
voltage control has the form [8-60].

E
m mi i mk kD d T Eε= +

here k is the index,  E
mkε is the permittivity. 

Its direct coefficient
0mi

d E
ij

d Sk
sδ

=

The transform of the voltage for the feedback on Figure 2 at the 
voltage control of piezoengine has the form for two its ends

( ) ( ) ( )0mi
d dn nE

ij

d S RU s s k R s
sδ

• •

= Ξ = Ξ , n=1,2

 

(Figure 2)

Figure 2: Scheme engine with feedbacks at voltage control for biomedical science and research.

The mechanical characteristic of piezoengine has the form

constconsti j mi m ij jS T s Tν Ψ 
  Ψ=  Ψ=

= Ψ +

The adjustment characteristic

( )
const consti m mi m ij jT T

S s Tν Ψ

= =
Ψ = Ψ +

The mechanical characteristic of transverse piezoengine has 
the form

( )maxmax 1 FFhh −∆=∆

max 31 3h d E h∆ = , max 31 3 0 11
EF d E S s=

 At the PZT engine 31d = 0.2 nm/V, 3E  = 0.5∙105 V/m, h  = 

2.5∙10-2 m, 0S  = 1.5∙10-5 m2, 11
Es  = 15∙10-12 m2/N the maximum dis-

placement and force are determined maxh∆  = 250 nm and maxF  = 10 
N at 10% error.

The relative displacement a piezoengine at elastic load has the 
form

0

ij e
mi m

s Cl l
l S

ν
Ψ∆

= Ψ − ∆

lCF e∆=

 The adjustment characteristic a piezoengine has the form

1
mi m

e ij

ll
C C

ν
Ψ

Ψ
∆ =

+

The scheme the piezoengine at the voltage control on Figure 3 
is determined for first fixed end and elastic inertial load (Figure 3).
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Figure 3: Scheme engine with feedbacks at voltage control for biomedical science and research.

Its function at the voltage control for fixed first end and elastic 
inertial load Figure 3 has the form

( ) ( ) ( ) ( )3 2
2 3 2 1 0rW s s U s k a p a p a p a+= Ξ = + +

3 0 2a RC M= ,   2 2 0 va M RC k= +

1 0 0v ij e r da k RC C RC C Rk k= + + + , 0 e ija C C= +

 For 0=R  its function has the form

( ) ( )
( )

31
2 2 2 1

U

t t t

s kW s
U s T s T sξ
Ξ

= =
+ +

( ) ( )3131 111U E
edk h C Cδ= +

( )112
E

t eMT C C= + , tt T1=ω

At the PZT engine 2M  = 1 kg, eC  = 0.1.107 N/m, 11
EC  = 1.5.107 

N/m its time constant is obtained tT  = 0.25.10-3 s at 10% error. At 

31d = 0.2 nm/V,  δh = 20, 11e
EC C = 0.05 the coefficient is determined  

31
Uk  = 3.8 nm/V at 10% error.

Discussion
A piezoengine is used for biomedical science and research in 

system adaptive optics and scanning microscopy, microsurgery. 
At using method mathematical physics the structural scheme, a 
piezoengine is constructed. Its displacement matrix is founded. The 
schemes with the feedbacks at the voltage control are determined.

Conclusions
The general structural scheme a piezoengine is obtained. The 

displacement matrix is founded. The parameters of PZT engine at 
the voltage control are determined for biomedical science and re-
search in system adaptive optics and scanning microscopy, micro-
surgery.
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